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Abstract
For a graph H , f (H ) is the smallest integer k such that the join of H with an empty graph Ek of order k
is not |V (H )|-choosable. It was conjectured that for a triangle-free graph G, f (G) = ( n2 )µ(G) nn−2µ(G), where
n = |V (G)| and µ(G) is the cardinality of a maximum matching of graph G [S. Gravier, F. Maffray, B. Mohar, On
a list-coloring problem, Discrete Math. 268 (2003) 303–308]. We verify this conjecture in the case of forests, and
propose some related problems.
© 2005 Published by Elsevier Ltd
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1. Introduction
We consider undirected, finite, simple graphs. Definitions and notations not given here may be found
in [1]. For a set X , let 2X denote the power set of X , and N denote the set of natural numbers. Let G be
a graph. A mapping c : V (G) → N is a proper coloring of G if c(x) = c(y) for every edge x y ∈ E(G).
A list assignment L for G is a mapping L : V (G) → 2N . If |L(v)| = k for all v ∈ V (G), we say that
L is a k-list assignment. A mapping c : V (G) → N is an L-coloring of G if c is a proper coloring of G
and c(v) ∈ L(v) for all v ∈ V (G). If for any k-list assignment L , there exists an L-coloring of G then
G is k-choosable. The choice number ch(G) of G is the smallest integer k such that G is k-choosable.
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Let G and H be two graphs with no common vertices. Their union G + H is the graph with vertex
set V (G) ∪ V (H) and edge set E(G) ∪ E(H); their join G ∨ H is the graph obtained from their union
by joining every vertex of G to every vertex of H . It is easy to see that χ(G ∨ H) = χ(G) + χ(H).
However, there is no similar result for the choice number in general. For instance, the complete bipartite
graph Km,n is the join of two empty graphs Em and En . It is well known that ch(Km,n) = m + 1 when
n ≥ mm (see [2]). Therefore, if we take a sequence of appropriate values of m and n, ch(Km,n) can be
arbitrarily larger than ch(Em) + ch(En), which equals 2.
A well-known theorem of Nordhaus and Gaddum [3] states that χ(G) + χ(G¯) ≤ |V (G)| + 1 for
any graph G. Erdös et al. [4] extended it to the choice number, that is ch(G) + ch(G¯) ≤ |V (G)| + 1.
Motivated by the determination of extremal graphs for the inequality above, Dantas et al. [5] defined a
function f (G) of a graph G as the smallest integer k such that ch(G ∨ Ek) > |V (G)|. Note that f (G)
exists for any graph G, since ch(G ∨ Ek) ≥ ch(En ∨ Ek) = ch(Kn,k) = n + 1 when k ≥ nn , where
n = |V (G)|.
Given a graph G = (V, E), a clique partition of G is a set Q = {Q1, . . . , Q p} of pairwise disjoint,
non-empty cliques such that V = Q1 ∪ Q2 ∪ · · · ∪ Q p. Let n = |V | and qi = |Qi |, i = 1, . . . , p. Then
we write w(Q) = ∏pi=1
(
n
qi
)
and define w(G) = min {w(Q) | Q is a clique partition of G}. Gravier,
Maffray and Mohar [6] showed that f (G) ≤ w(G) for any graph G, and conjectured that the equality
always holds. Note that for a triangle-free graph, any clique partition Q consists of only cliques of size
two (which form a matching) and cliques of size one. Hence, if G is a triangle-free graph of order n,
then w(G) = (n2 )µ(G) nn−2µ(G), where µ(G) is the cardinality of a maximum matching of G. Hence,
if the above conjecture is true, the computation of f (G) for a triangle-free graph G can be achieved in
polynomial time (since we can find a maximum matching in a graph by a polynomial time algorithm;
see [7]). However, this conjecture was verified only for a subfamily of trees in [6]. In this note, we shall
prove that the conjecture is true for all forests, and pose two related problems.
2. Some conceptional extensions
In the proof of the inequality f (G) ≤ w(G) in [6], the authors used an alternative definition of f (G).
Let G be a graph of order n, andL(G) be the set of n-list assignments L : V (G) → 2N with the property
that L(u) ∩ L(v) = φ for any two nonadjacent vertices u, v ∈ V (G).
Clearly, for every L ∈ L(G), there exists at least one L-coloring of G. Moreover, every L-
coloring c of G uses exactly n colors; we denote by c(V ) the set of n colors used by c. We write
C(L) = {c(V ) | c is an L-coloring of G}. For a graph G, define f ′(G) = min{|C(L)| | L ∈ L(G)}.
In [6], Gravier, Maffray and Mohar showed that f (G) = f ′(G) for every graph G.
It is convenient for us to extend the two definitions f ′(G) and w(G) as follows. Suppose G is a graph
of order n and m ≥ |V (G)| an integer. Denote by Lm(G) the set of m-list assignments L : V (G) → 2N
of G such that L(u) ∩ L(v) = φ for any two nonadjacent vertices u, v ∈ V (G). For an L-coloring c,
c(V ) denotes the set of n colors used by c. Write C(L) = {c(V ) | c is an L-coloring of G}.
Definition 2.1. For a graph G, we define f ′(G, m) = min{|C(L)| | L ∈ Lm(G)}.
Let Q = {Q1, . . . , Q p} be a clique partition of G and m ≥ |V (G)|. Then we write w(Q, m) =∏p
i=1
(
m
qi
)
, where qi = |Qi |, i = 1, . . . , p.
Definition 2.2. w(G, m) = min{w(Q, m) | Q is a clique partition of G}.
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So, we have f ′(G, n) = f ′(G) = f (G) and w(G, n) = w(G) where n is the order of G. Also,
clearly, f ′(G, m) ≤ f ′(G − e, m) for any e ∈ E(G).
Lemma 2.3. Suppose two graphs G1 and G2 have no common vertices, and let G = G1 + G2. Then we
have f ′(G, m) = f ′(G1, m) f ′(G2, m).
Proof. First, we show that f ′(G, m) ≥ f ′(G1, m) f ′(G2, m). Suppose L ∈ Lm(G) with |C(L)| =
f ′(G, m), and let us denote by Li the restriction of L to Gi for i = 1, 2. Note that the colors assigned
by L1 to any vertex in G1 are different from the colors assigned by L2 to any vertex in G2. Thus
f ′(G, m) = |C(L)| = |C(L1)| |C(L2)| ≥ f ′(G1, m) f ′(G2, m).
On the other hand, let Li ∈ Lm(Gi) with |C(Li )| = f ′(Gi , m) for each i ∈ {1, 2} and suppose the
colors assigned by L1 to any vertex in G1 are different from the colors assigned by L2 to any vertex in
G2. Then L1 and L2 constitute a list assignment L ∈ Lm(G) of G. So, we have f ′(G, m) ≤ |C(L)| =
|C(L1)| |C(L2)| = f ′(G1, m) f ′(G2, m); this completes the proof. 
Theorem 2.4. For any graph G and m ≥ |V (G)|, we have f ′(G, m) ≤ w(G, m).
Proof. Write n = |V (G)|. Consider a clique partition Q = {Q1, Q2, . . . , Q p} of G, and make a list
assignment L as follows: to each vertex of Qi , assign a list Li of m colors such that Li ∩ L j = φ
whenever i = j (1 ≤ i, j ≤ p). Clearly, L ∈ Lm(G). Moreover, any L-coloring of G uses |Q1|
colors on the vertices of Q1 from L1, |Q2| colors on the vertices of Q2 from L2, etc. Therefore,
|C(L)| = w(Q, m), and thus f ′(G, m) ≤ w(Q, m). Since Q is an arbitrary clique partition, this implies
that f ′(G, m) ≤ w(G, m). 
It is natural to extend the conjectures of Gravier et al. [6] as follows. We denote by µ(G) the
cardinality of a maximum matching in graph G.
Conjecture 2.5. For every graph G and any integer m ≥ |V (G)|, we have f ′(G, m) = w(G, m).
Conjecture 2.6. For every triangle-free graph G of order n and any integer m ≥ n, f ′(G, m) =(m
2
)µ(G)
mn−2µ(G).
3. The conjecture is true for all forests
The following two lemmas help us confirm the conjecture in the case of forests.
Lemma 3.1. Let G be a tree of order n ≥ 3 and m ≥ n an integer. Suppose x, y, z ∈ V (G) with
y, z ∈ N (x) and d(y) = d(z) = 1. If L ∈ Lm(G) satisfies L(x) ∩ L(y) = φ and L(x) ∩ L(z) = φ, then
there exists L ′ ∈ Lm(G) such that |C(L ′)| < |C(L)|.
Proof. Write L(x) = A1 ∪ A2 ∪ A3, L(y) = A1 ∪ B1 and L(z) = A2 ∪ B2, where A1, A2 are not empty
and Ai ∩ A j = Ai ∩ Bk = B1 ∩ B2 = φ for 1 ≤ i, j ≤ 3 (i = j), 1 ≤ k ≤ 2. We make another
list assignment L ′ as follows: L ′(u) = L(u) for every u ∈ V (G) \ {y, z}, L ′(y) = A1 ∪ A2 ∪ B11 and
L ′(z) = B2 ∪ B12, where B11 ∪ B12 = B1 and B11 ∩ B12 = φ, |B11| = |A3| and |B12| = |A2|. It is
straightforward to verify that L ′ ∈ Lm(G).
Now let us compute the values of |C(L)| and |C(L ′)|; we shall find that |C(L)| > |C(L ′)|. Define
C1(L) = {c(V ) | c is an L-coloring of G with c(x) ∈ A3},
C2(L) = {c(V ) | c is an L-coloring of G with c(x) ∈ A3}.
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Clearly, C1(L) ∪ C2(L) = C(L). Since for any c(V ) ∈ C1(L), c(V ) contains exactly two
colors from A1 ∪ A2 ∪ B1 ∪ B2, while for any c′(V ) ∈ C2(L), c′(V ) contains three colors from
A1 ∪ A2 ∪ B1 ∪ B2, we have C1(L) ∩ C2(L) = φ. We similarly define C1(L ′) and C2(L ′) for L ′
as above. Then C1(L ′)∪ C2(L ′) = C(L ′) and C1(L ′)∩ C2(L ′) = φ. Thus, |C(L)| = |C1(L)| + |C2(L)|
and |C(L ′)| = |C1(L ′)| + |C2(L ′)|. It is easy to see that |C1(L)| = |C1(L ′)|, and thus next we evaluate
|C2(L)| and |C2(L ′)|. Let ai = |Ai | for i = 1, 2; then |Bi | = m − ai . Note that the restrictions of L
and L ′ are the same on the subgraph G − {x, y, z} of G. Let us denote these by L∗, and let t = |C(L∗)|.
Therefore, we have
|C2(L)| = t
(
(a1 + a2)(m − a1)(m − a2) +
(a1
2
)
m +
(a2
2
)
m + a1a2(2m − a1 − a2)
)
;
|C2(L ′)| = t
((
a1 + a2
2
)
m + (a1 + a2)(m − a1 − a2)m
)
.
Hence, |C(L)| − |C(L ′)| = |C2(L)| − |C2(L ′)| = a1a2mt > 0; this completes the proof. 
Lemma 3.2 (Gravier et al. [6]). Let G be a graph of order n and uv an edge of G such that u is
of degree 1 and v of degree 2 in G. Then for any L ∈ Lm(G), there exists L ′ ∈ Lm(G) such that
L ′(u) = L ′(v), L ′(x) = L(x) for every x ∈ V (G) \ {u, v} and |C(L ′)| ≤ |C(L)|.
Note that the original formulation of the above lemma is stated when m = n. However, the proof for
this general case can be completely derived from the original one. So we omit the proof here.
Theorem 3.3. For every forest G of order n and any integer m ≥ n, we have f ′(G, m) =(
m
2
)µ(G)
mn−2µ(G).
Proof. By induction on the order of G. It is obvious that the result is true for the forests of order
1 and 2. Suppose the theorem is true for all forests of order less than n, and let G be a forest of
order n ≥ 3. Let L ∈ Lm(G) with |C(L)| = f ′(G, m). If G is not connected, let G1, G2, . . . , G p
be the components of G. For each i ∈ {1, . . . , p}, let Li be the restriction of L to Gi ; then by the
induction hypothesis f ′(Gi , m) =
(
m
2
)µ(Gi ) mni −2µ(Gi ). Therefore, it follows from Lemma 2.3 that
f ′(G, m) = ∏pi=1 f ′(Gi , m) = ∏pi=1 (m2 )µ(Gi ) mni−2µ(Gi ). Since ∑pi=1 µ(Gi) = µ(G), we have
f ′(G, m) = (m2 )µ(G) mn−2µ(G).
Now we assume that G is connected (i.e. G is a tree). Note that if G has two vertices u and v
with uv ∈ E(G) and L(u) ∩ L(v) = φ, then we are done, since, if it occurs, L ∈ Lm(G − uv). By
f ′(G, m) ≤ f ′(G−uv, m), we have |C(L)| = f ′(G, m) ≤ f ′(G−uv, m) ≤ |C(L)|, and so f ′(G, m) =
f ′(G − uv, m). Since G − uv is not connected, we have f ′(G − uv, m) = (m2 )µ(G−uv) mn−2µ(G−uv).
From Theorem 2.4, f ′(G, m) ≤ w(G, m) = (m2 )µ(G) mn−2µ(G), combined with µ(G − uv) ≤ µ(G),
we conclude that µ(G − uv) = µ(G). Hence f ′(G, m) = (m2 )µ(G) mn−2µ(G).
So, we assume that for any edge uv ∈ E(G), L(u) ∩ L(v) = φ. Therefore, by Lemma 3.1 and the
minimality of |C(L)|, this implies that each vertex u ∈ V (G) has at most one neighbor of degree 1. Then
there must exist a pendant vertex u with a neighbor v of degree 2 in G. Let w be the other neighbor of v
different from u. By Lemma 3.2, there exists another m-list assignment L ′ such that L ′(u) = L ′(v) and
|C(L ′)| ≤ |C(L)|. So, |C(L ′)| = f ′(G, m) and L ′(v) ∩ L ′(w) = φ. By an argument similar to that in
the previous paragraph, we can also get f ′(G, m) = (m2 )µ(G) mn−2µ(G). 
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Corollary 3.4. For any forest G of order n, we have f (G) = (n2 )µ(G) nn−2µ(G).
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